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A slender system, built as a geometrically non-linear system and subjected to speciﬁc load by a follower force directed
towards the positive pole, is discussed. The load is induced by heads composed of circular-proﬁle elements. The problem of
stability and free vibration was formulated on the basis of Hamilton’s principle and then, owing to its non-linearity, solved
using the straightforward expansion method. This paper provides example results of numerical computations concerning
the inﬂuence of selected parameters characterizing the considered column (including pre-stressing) on the stability and free
vibration. The accuracy of the adopted mathematical model is also proved on the basis of experimental studies.
 2007 Elsevier Ltd. All rights reserved.
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A characteristic feature of all slender systems subjected to an external compressive load is that they can be
identiﬁed and the critical force can be determined on the basis of the diagrams in the plane: load – natural
frequency (characteristic curves). These curves are obtained by applying the kinetic stability criterion (vibra-
tion method).
All possible courses of P(x) curves are shown in Fig. 1:
– Fig. 1a – the divergence systems – they lose their stability associated with buckling at the value of the force
designated as Pcd, which corresponds to the natural frequency x = 0 (e.g. Leipholz, 1974; Timoshenko and
Gere, 1963),0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.07.011
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Fig. 1. Characteristic curves in the plane: load (P) – natural frequency (x).
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ing amplitude) at the force designated as Pcf in the ﬁgure (e.g. Beck, 1953; Langthjem and Sugiyama, 2000;
Tomski and Przybylski, 1991; Smith and Herrmann, 1972; Lee and Yang, 1994). In this case it is necessary
to apply the kinetic stability criterion,
– Fig. 1c – the hybrid systems – they may lose their stability either by divergence mode at the force Pcd, or by
the ﬂutter mode at the force Pcf. The type of stability loss is dependent on the parameters characterizing
such structures, which include: the rigidity of the spring supporting system (e.g. Sundararajan, 1976; Tom-
ski and Przybylski, 1985), follower factor (e.g. Dzhanelidze, 1958; Tomski and Przybylski, 1985), pre-stress-
ing of the system (e.g. Przybylski, 2000),
– Fig. 1d – the pseudo-ﬂutter divergence systems – they lose their stability by buckling at the force Pcd
corresponding to zero natural frequency. The considered natural frequency curve may have a positive,
zero or negative slope (which is determined by the parameters of the loading system) (e.g. Tomski
et al., 1996, 1998; Tomski and Szmidla, 2004a,c,b). Systems of this type were presented for the ﬁrst
time by Tomski et al. (1994) while the name of pseudo-ﬂutter divergence systems was given by Bogacz
et al. (1998).
1.1. Speciﬁc load
The origin of the nomenclature, which is related to the speciﬁc load, is presented by means of the diagram
given in Fig. 2 (Tomski and Szmidla, 2004a). The speciﬁc load is formed as a result of combining some char-
acteristic features of loads, such as the generalized load (Gajewski and _Zyczkowski, 1970) or the load by the
follower force (the load by the follower force (Beck’s load) is a non-conservative load), with the features of
loads by the force directed towards either the positive or negative pole (Gajewski and _Zyczkowski, 1969).
The speciﬁc load is a conservative load.Fig. 2. Diagram illustrating the origin of the nomenclature relating to the speciﬁc load (Tomski and Szmidla, 2004a).
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• Generalized load by a force directed towards the pole. The load by a concentrated force directed towards a
ﬁxed point (the pole) placed on non-deformed axis of the column. An action of this force does not cause
linearly dependent bending moment (compare Tomski et al., 1995, 1994, 1996, 1999; Tomski and Szmidla,
2004b,c).
• Load by the follower force directed towards the pole. According to the literature dealing with loading of slen-
der systems the load can be realised by the follower force whose direction coincides with the tangent to
deﬂection at the free end of the column. The direction of this force passes through diﬀerent points of
the non-deformed axis of the column. The positions of these points depend on the angle of the free end
of the column (Beck, 1953). It is non-conservative load. Slender system can be also loaded by a force direc-
ted towards the pole (positive or negative). The direction of this force passes through the constant point
depend on the angle lying on the non-deformed axis of the column (Gajewski and _Zyczkowski, 1969). It
is conservative load. Connecting these two loads: by follower force and by force directed towards the pole
(positive or negative), one can obtain the load by the follower force directed towards the pole. The above
load is characterised by the force whose direction coincides with deﬂection line at the free end of the col-
umn, and additionally direction of this force passes through the constant point lying on the non-deformed
axis of the column (e.g. Tomski and Podgo´rska–Brzde˛kiewicz, 2006; Tomski et al., 1998, 1999, 2004b).
The manner of creation of the load by the follower force directed towards the positive pole is presented in
Fig. 3.
The load by the follower force directed towards the pole (positive or negative) should not be confused with
the load by the follower force (the Beck’s force).
1.2. Geometrically non-linear conservative systems
Geometrically non-linear conservative systems were considered by Thompson and Hunt (1984), Woinow-
sky-Krieger (1950), Bhashyam and Prathap (1980), Godley and Chilver (1970) and Mead (2002), among oth-Fig. 3. The method of formation of the load by the follower force directed towards the positive pole: (a) system subjected to the follower
force (non-conservative system), (b) system subjected to the force directed towards the positive pole (conservative system), (c) system
subjected to the follower force directed towards the positive pole (conservative system) (Tomski et al., 1998).
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uted in a continuous manner. In the work (Bhashyam and Prathap, 1980), based on the Hamilton’s principle,
the diﬀerential equations of motion in the lateral and longitudinal directions to the beam axis and natural
boundary conditions were derived. The solution to the non-linear problem for eigenvalues was obtained by
using the ﬁnite-element method.
Godley and Chilver (1970) examined a geometrically non-linear system in the form of a frame constructed
of rods of diﬀerent lengths. Using the static stability criterion, they calculated the critical forces of diﬀerently
ﬁxed systems and determined the distribution of internal forces within the rods of the plane frame, considering
its pre-stressing. The theoretical examinations were conﬁrmed experimentally.
The inﬂuence of pre-stressing on the transverse vibration of a system of two beams with either hinged
or rigid connection of their ends was dealt with by Mead (2002). In the plane: load – natural frequency,
Mead determined the characteristic curves at diﬀerent ﬂexural rigidity ratios of the rods for the considered
systems.
In the relevant literature one can also ﬁnd many papers dedicated to studies on geometrically non-linear
discrete slender systems. Elishakoﬀ (1980) and Elishakoﬀ et al. (1984) examined the stability and vibration
of a slender system with one degree of freedom, subjected to the action of an external compressive force.
The considered system was composed of two rods connected and ﬁxed in a hinged manner. Additionally,
the displacement of a hinge connected the rods was restrained by a spring with non-linear characteristics.
In this work (Elishakoﬀ, 1980), the critical force was determined as dependent on the system deﬂection at dif-
ferent initial imperfections, while in the work (Elishakoﬀ et al., 1984) was examined the inﬂuence of that initial
imperfections on the vibrations.
A system with one degree of freedom, in the form of a rigid rod, hinged at the one end and loaded by
a vertical force at the other, was dealt with by Lignos et al. (2003). At its loaded end, the rod was sup-
ported by a spring of linear characteristics, and the non-linear theory was applied to formulate the sta-
bility problem.
Theoretical, numerical and partially experimental research of Euler’s geometrically non-linear columns
dealt with: rectilinear form of static equilibrium (determination of bifurcation force) (Godley and Chilver,
1970; Przybylski and Tomski, 1992; Przybylski et al., 1996; Tomski, 1985; Tomski and Szmidla, 2003),
curvilinear form of static equilibrium (determination of critical force) (Przybylski and Tomski, 1992; Tom-
ski and Kukla, 1990), local and global non-stability (Tomski and Szmidla, 2003), pre-stressing of the sys-
tem (Przybylski and Tomski, 1992; Przybylski et al., 1996; Tomski and Szmidla, 2003), characteristic
curves in the plane load – natural frequency (Przybylski and Tomski, 1992; Przybylski et al., 1996; Tomski
and Szmidla, 2003).2. Aim and range of the paper
Up to the now the Euler’s load has been used in bearing systems (columns, hydraulic servo-motors). The
type of the load by a follower force directed towards the positive pole in the bearing systems can lead to an
increase in the value of critical force compared to the Euler’s load.
The main aim of the paper is the problem of the stability of a column subjected to a conservative load (by
the follower force directed towards the positive pole) which leads to the following:
– rectilinear and curvilinear form of static equilibrium, which corresponds to a bifurcation critical force,
– distribution of internal forces in the column rods in the case of rectilinear and curvilinear form of static
equilibrium,
– local and global instability,
– inﬂuence of pre-stressing on stability and free vibrations.
Damping may have a considerable eﬀect on non-conservative autonomous systems (Bolotin et al., 2002).
However, one can ﬁnd similar results in autonomous systems under conservative loading which are associated
with positive semi-deﬁnite or indeﬁnite damping matrices with negligibly small damping (practically undam-
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lower than that of divergence instability (failure Ziegler’s kinetic criterion) are not considered herein.
Experimental research into free vibrations of the considered systems was carried out to conﬁrm the accu-
racy of the assumed mathematical model.3. Formulation of the problem. Total energy of the system. Hamilton’s principle. Boundary conditions
The present paper theoretically, numerically and experimentally examines a geometrically non-linear can-
tilever column subjected to the speciﬁc load by the follower force directed towards the positive pole in a con-
structional version with circular-proﬁle elements.
A plane frame built of four rods with a symmetrical distribution of ﬂexural rigidity (EJ)1, (EJ)2,
(EJ)3, (EJ)4, ((EJ)1 = (EJ)2, (EJ)3 = (EJ)4) and compressive rigidity (EA)1, (EA)2, (EA)3, (EJ)4
((EA)1 = (EA)2, (EJ)3 = (EJ)4) is a physical model of the considered geometrically non-linear model –
Fig. 4. Particular elements of the system are combined in such a manner that the longitudinal and trans-
verse displacements and the deﬂection angles at the loaded and free ends of all members are equal to
each other.
The system inducing the speciﬁc load by the follower force directed towards the positive pole is shown in
Fig. 4. It is composed of a forcing head and a receiving head. The heads are constructed from circular elements
with the radius R. The force is transferred to the column rods through a rigid element with length l0. Appli-
cation of this element is necessary owing to constructional reasons. The direction of acting force passes
through the stationary point O lying on the non-deformed axis of the system. The body with concentrated
mass m (see Fig. 4) takes into account the mass of the receiving head, the rigid element with length l0 and
the connecting rods of the structure.
Designating the longitudinal and transverse displacements of particular rods at the point of the coordinate
x and in the time t by Ui(x, t) andWi(x, t), respectively, and using the theory of moderately large deﬂexions, the
geometrical boundary conditions of the system are written as follows:Fig. 4. Physical scheme of the considered column.
92 L. Tomski, S. Uzny / International Journal of Solids and Structures 45 (2008) 87–112W 1ð0; tÞ ¼ W 2ð0; tÞ ¼ W 3ð0; tÞ ¼ W 4ð0; tÞ ¼ 0 ð1a-dÞ
oW 1ðx; tÞ
ox

x¼0
¼ oW 2ðx; tÞ
ox

x¼0
¼ oW 3ðx; tÞ
ox

x¼0
¼ oW 4ðx; tÞ
ox

x¼0
¼ 0 ð2a-dÞ
oW 1ðx; tÞ
ox

x¼l
¼ oW 2ðx; tÞ
ox

x¼l
¼ oW 3ðx; tÞ
ox

x¼l
¼ oW 4ðx; tÞ
ox

x¼l
ð3a-cÞ
oW 1ðx; tÞ
ox

x¼l
 W 1ðl; tÞ
R l0 ¼ 0 ð4Þ
W 1ðl; tÞ ¼ W 2ðl; tÞ ¼ W 3ðl; tÞ ¼ W 4ðl; tÞ ð5a-cÞ
U 1ð0; tÞ ¼ U 2ð0; tÞ ¼ U 3ð0; tÞ ¼ U 4ð0; tÞ ¼ 0 ð6a-dÞ
U 1ðl; tÞ ¼ U 2ðl; tÞ ¼ U 3ðl; tÞ ¼ U 4ðl; tÞ ð7a-cÞThe following letter notations for the considered systems are used in the paper:
• N – the geometrically non-linear column subjected to external loading without pre-stressing,
• S – the geometrically non-linear pre-stressed column subjected to external load,
• L – the geometrically linear column built of two rods of geometrically non-linear column denoted by 1 and
2 indexes, respectively.
The boundary problem is formulated with the use of the Hamilton’s principle described for conservative
systems by the relationship (Goldstein, 1950):d
Z t2
t1
ðT V Þdt ¼ 0 ð8ÞT and V in Eq. (8) denote the kinetic and potential energy, respectively. The energy of the system shown in
Fig. 4 is deﬁned, according to the Bernoulli–Euler’s theory, as follows:
– the kinetic energy:T ¼ 1
2
X4
i¼1
ðq0AÞi
Z l
0
oW iðx; tÞ
ot
 2
dxþ 1
2
m
oW 1ðl; tÞ
ot
 2
ð9Þ– the potential energy:V ¼ 1
2
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Z l
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ox2
 2
dxþ 1
2
X4
i¼1
ðEAÞi
Z l
0
½eiðx; tÞ2 dxþ P U 1ðl; tÞ  1
2
l0
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ox

x¼l !
þ 1
2
P
oW 1ðx; tÞ
ox

x¼l
W 1ðl; tÞ þ l0oW 1ðx; tÞox

x¼l" #
ð10Þwhere
– (q0A)i – mass per the unit length of the ith rod [N/m]
– (EA)i – compressive rigidity of the ith rod [N]
– (EJ)i – ﬂexural rigidity of the ith rod [Nm
2]
– ei(x, t) – deformation of the ith rod
According to the theory of moderately large deﬂections, adopted for the formulation of the problem, the
deformation of the ith rod – ei(x, t) is written as (Nayfeh et al., 1974):eiðx; tÞ ¼ oUiðx; tÞox þ
1
2
oW iðx; tÞ
ox
 2
ð11Þ
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þ 1
2
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ð12ÞThe axial forces in the rods, denoted by the indexes 1 and 2, are equal to each other, as well as the forces in
rods 3 and 4. On this basis, the following relationships can be educed:S1ðtÞ ¼ S2ðtÞ; S3ðtÞ ¼ S4ðtÞ ð13a; bÞ
Further discussion will be conducted with the use of dimensionless quantities:n ¼ x
l
; wiðn; sÞ ¼ W iðx; sÞl ; uiðn; sÞ ¼
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l
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; s ¼ xt; Hi ¼ Ail
2
J i
; i ¼ 1; 2; 3; 4 ð14d-gÞwhere, x is the natural frequency of the system [rad/s]
By substituting formulae (9) and (10), which deﬁne energies, into Eq. (8) and using the geometrical bound-
ary conditions, the following relationships were obtained:
– the diﬀerential equations of motion in the transversal direction to the column axis (dimensionless form):o4wiðn; sÞ
on4
þ k2i ðsÞ
o2wiðn; sÞ
on2
þ X2i
o2wiðn; sÞ
os2
¼ 0 ð15Þ– the diﬀerential equations in the direction parallel to the column axis (dimensionless form):o
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þ 1
2
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 2" #
¼ 0 ð16Þ– the natural boundary conditions (dimensionless form):X4
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
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R l0
1
l
 mx2 o
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os2
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k21ðsÞðEJÞ1 þ k22ðsÞðEJÞ2 þ k23ðsÞðEJÞ3 þ k24ðsÞðEJÞ4  k
X4
i1
ðEJÞi ¼ 0 ð18ÞAfter twice integration, and after considering the boundary conditions (6a-d) and the equation for the axial
force in the ith rod (12), Eq. (16) become as follows:uiðn; sÞ ¼  k
2
i ðsÞ
Hi
n 1
2
Z n
0
owiðn; sÞ
on
 2
dn ð19Þ4. Solution by the straightforward expansion method
In connection with the occurring geometrical non-linearity, the boundary problem is solved using the
straightforward expansion method. The geometrical non-linearity of the system occurs in relationship (19)
– (the element of integration).
The straightforward expansion method relies on expansion of the non-linear expressions:
– wi(n,s) dimensionless transverse displacement of the ith rod
– ui(n,s) dimensionless longitudinal displacement of the ith rod
– k2i (s) dimensionless parameter of the internal force in the ith rod
– X2i dimensionless parameter of free vibration frequency in relation to the ith rod
into power series relative to the amplitude parameter e (e 1).
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was also been applied in other works (e.g. Tomski et al., 1995; Przybylski et al., 1996; Tomski and Kukla,
1990; Uzny, 2005), in relation to the continuous systems.
Geometrically non-linear system is characterised by two forms of the static equilibrium: rectilinear and cur-
vilinear. Diﬀerent expansions into the small parameter series correspond to each of the forms.
The expansions into power series, considering the system vibrations around the rectilinear form of static
equilibrium, are as follows:wiðn; sÞ ¼
XN
j¼1
e2j1wi2j1ðn; sÞ þ Oðe2ðNþ1ÞÞ ð20Þ
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wi3ðn; sÞ ¼ wi3ð1Þ ðnÞ cos sþ wi3ð3Þ ðnÞ cos 3s ð24bÞ
..
.
ui2ðn; sÞ ¼ ui2ð0Þ ðnÞ þ ui2ð2Þ ðnÞ cos 2s ð25aÞ
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cos 4s ð26bÞ
..
.The neutral terms have been neglected in formulae (20)–(23).
After substituting the expansions of small parameter into power series (formulae (20)–(23)) in the diﬀeren-
tial equations of motion in the transversal direction (10) and in the diﬀerential equations of longitudinal dis-
placements (12), and then grouping the terms with identical e powers, the inﬁnite system of equations in two
directions has been obtained:e0 : ui0ðnÞ ¼  k
2
i0
Hi
n ð27Þ
e1 :
o4wi1ðn; sÞ
on4
þ k2i0
o2wi1ðn; sÞ
on2
þ X2i0
o2wi1ðn; sÞ
os2
¼ 0 ð28Þ
..
.The expansions of small parameter into power series (formulae (20)–(23)) should be substituted into the
boundary conditions (1–7), (17) and (18). Then, by grouping the terms with identical powers of the small
parameter, was obtain the boundary conditions. The boundary conditions must be satisﬁed by the solutions
of Eqs. (27) and (28):
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is a dimensionless parameter of external force, related to the total ﬂexural rigidity of the geo-
metrically non-linear system.
If vibrations of system around the curvilinear form of static equilibrium are considered, the expansions of
the terms wi(n,s), ui(n,s), k
2
i (s) and X
2
i into power series of small parameter are as follows:wiðn; sÞ ¼ wi0ðnÞ þ
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.
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transversal direction (15) and into the equations of longitudinal displacement (19), the following sequence of
the inﬁnitive series of equations is obtained after grouping the same powers of small parameters:e0 :
d4wi0ðnÞ
dn4
þ k2i0
d2wi0ðnÞ
dn2
¼ 0 ð45aÞ
ui0ðnÞ ¼  k
2
i0n
Hi
 1
2
Z n
0
dwi0ðnÞ
dn
 2
dn ð45bÞ
e1 :
o4wi1ðn; sÞ
on4
þ k2i0
o2wi1ðn; sÞ
on2
þ X2i0
o2wi1ðn; sÞ
os2
¼ k2i1ðsÞ
d2wi0ðnÞ
dn2
ð46aÞ
ui1ðn; sÞ ¼  k
2
i1ðsÞn
Hi

Z n
0
dwi0ðnÞ
dn
owi1ðn; sÞ
on
 
dn ð46bÞThe solutions of Eqs. (45) and (46) must satisfy the boundary conditions (1–7), (17) and (18), and these
conditions should also be arranged in series of small parameter (Eqs. (24)–(27)) and grouped referring to iden-
tical powers of small parameter:
– the boundary conditions associated with the small parameter in the zero power (e0):w10ð0Þ ¼ w20ð0Þ ¼ w30ð0Þ ¼ w40ð0Þ ¼ 0 ð47a-dÞ
dw10ðnÞ
dn

n¼0
¼ dw20ðnÞ
dn

n¼0
¼ dw30ðnÞ
dn

n¼0
¼ dw40ðnÞ
dn

n¼0
¼ 0 ð48a-dÞ
dw10ðnÞ
dn

n¼1
¼ dw20ðnÞ
dn

n¼1
¼ dw30ðnÞ
dn

n¼1
¼ dw40ðnÞ
dn

n¼1
¼ wIk0 ð49a-cÞ
w10ð1Þ ¼ w20ð1Þ ¼ w30ð1Þ ¼ w40ð1Þ ¼ wk0 ð50a-cÞ
dw10ðnÞ
dn

n¼1
 w10ð1Þl
R l0 ¼ 0 ð51Þ
u10ð0Þ ¼ u20ð0Þ ¼ u30ð0Þ ¼ u40ð0Þ ¼ 0 ð52a-dÞ
u10ð1Þ ¼ u20ð1Þ ¼ u30ð1Þ ¼ u40ð1Þ ð53a-cÞ
X4
i¼1
ðEJÞi
d3wi0ðnÞ
dn3

n¼1
1
l2

X4
i¼1
ðEJÞi
d2wi0ðnÞ
dn2

n¼1
1
R l0
1
l
¼ 0 ð54Þ
k210ðEJÞ1 þ k220ðEJÞ2 þ k230ðEJÞ3 þ k240ðEJÞ4  k
X4
i¼1
ðEJÞi ¼ 0 ð55Þ– the boundary conditions associated with the small parameter in the ﬁrst power (e1):
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ow11ðn; sÞ
on

n¼0
¼ ow21ðn; sÞ
on

n¼0
¼ ow31ðn; sÞ
on

n¼0
¼ ow41ðn; sÞ
on

n¼0
¼ 0 ð57a-dÞ
ow11ðn; sÞ
on

n¼1
¼ ow21ðn; sÞ
on

n¼1
¼ ow31ðn; sÞ
on

n¼1
¼ ow41ðn; sÞ
on

n¼1
¼ wIk1 ð58a-cÞ
w11ð1; sÞ ¼ w21ð1; sÞ ¼ w31ð1; sÞ ¼ w41ð1; sÞ ¼ wk1 ð59a-cÞ
ow11ðn; sÞ
on

n¼1
 w11ð1; sÞl
R l0 ¼ 0 ð60Þ
u11ð0; sÞ ¼ u21ð0; sÞ ¼ u31ð0; sÞ ¼ u41ð0; sÞ ¼ 0 ð61a-dÞ
u11ð1; sÞ ¼ u21ð1; sÞ ¼ u31ð1; sÞ ¼ u41ð1; sÞ ð62a-cÞX4
i¼1
ðEJÞi
o3wi1ðn; sÞ
on3

n¼1
1
l2

X4
i¼1
ðEJÞi
o2wi1ðn; sÞ
on2

n¼1
1
R l0
1
l
 mx20
o2w11ð1; sÞ
os2
l ¼ 0 ð63Þ
k211ðsÞðEJÞ1 þ k221ðsÞðEJÞ2 þ k231ðsÞðEJÞ3 þ k241ðsÞðEJÞ4 ¼ 0 ð64Þ
In this paper, the numerical computations of the considered quantities are limited to the components of
series associated with e0 and e1, except for natural frequency, which has been limited to the computation of
the ﬁrst basic component (occurring at e0). Each higher component is lower by the order than the preceding
one, so it can be neglected. Therefore, no equations describing the behaviour of the column are provided,
which are associated with the small parameter in the power higher than one (in case of the rectilinear and
the curvilinear forms of static equilibrium).5. The solution to statics problem related to the rectilinear and the curvilinear forms of equilibrium
The problem of the statics of the considered system for the curvilinear form of equilibrium is described by
Eq. (45a), which must be satisﬁed by the boundary conditions, given by Eqs. (47)–(55).
The solutions of the diﬀerential Eq. (45a) are as follows:wi0ðnÞ ¼ Ci1 sinðki0nÞ þ Ci2 cosðki0nÞ þ Ci3nþ Ci4; i ¼ 1; 2; 3; 4 ð65Þ
The solutions (65), after considering the boundary conditions (47) and (50), can also be written in the form:wi0ðnÞ ¼ Mi0 cosðki0Þ Mi1Sil sinðki0Þ sinðki0nÞ 
Mi0
Sil
cosðki0nÞ þ Mi1 Mi0Sil þ wk0
 
nþMi0
Sil
ð66ÞwhereMi0 ¼ ðEJÞil
d2wi0ðnÞ
dn2

n¼0
; Mi1 ¼ ðEJÞil
d2wi1ðnÞ
dn2

n¼1
; i ¼ 1; 2; 3; 4 ð67a; bÞMi0,Mi1 – bending moments occurring at the non-loaded (n = 0) and the loaded (n = 1) ends of the column
rods, respectively, wk0 – dimensionless parameter of column transverse displacement at n = 1.
By substituting the solutions (66) into the boundary conditions (48), (49), (51) and (54), the following sys-
tem of equations can be written:½aijcol M10;M11;M20;M21;M30;M31;M40;M41;wk0f g ¼ 0 ð68Þ
Equating to zero the determinant of the matrix of system (68) coeﬃcients leads to the transcendental equa-
tion, from which the distribution of external forces within the column rods is determined for the case of the
curvilinear static equilibrium, thus:jaijj ¼ 0 ð69Þ
98 L. Tomski, S. Uzny / International Journal of Solids and Structures 45 (2008) 87–112The distribution of the dimensionless parameters of external forces with the rectilinear form of equilibrium
is determined from Eq. (27) if they satisfy the boundary conditions (30):k1 þ k2 ¼ ðk3 þ k4Þ ðEAÞ1 þ ðEAÞ2ðEAÞ3 þ ðEAÞ4
ð70Þwhereki ¼ Siðlþ l0Þ
2
P4
i¼1
ðEJÞi
ð71ÞThe relationship between the dimensionless parameters of internal forces in the column rods is presented in
Fig. 5. The diagram shows variations in the internal forces within the column rods in case of the rectilinear
(bold linear segment OB) and the curvilinear (bold curve BC) form of static equilibrium. It should be noted
that the forces in the rods, denoted by the indexes 1 and 2, are equal to each other (k1 = k2) as well as the
forces in the rods denoted by the indexes 3 and 4 (k3 = k4). As can be seen, the point B, which corresponds
to the bifurcation load, is situated in the intersection of the curve determined from Eq. (69) and the straight
line OB. The point C corresponding to the critical load is in the intersection of the curve determined from Eq.
(69) and the straight line OC. The straight lines OB and OC are inclined to the level at angle a and b, respec-
tively. The angles a and b are deﬁned as follows:a ¼ arctg ðEAÞ1 þ ðEAÞ2ðEAÞ3 þ ðEAÞ4
; b ¼ arctg ðEJÞ1 þ ðEJÞ2ðEJÞ3 þ ðEJÞ4
ð72a; bÞIn order to determine the unknown quantitiesMi0,Mi1 (i = 1,2,3,4) and wk0, the boundary condition – the
equality of the longitudinal displacements of the free end of rods 1 and 3 – is taken into account:u10ð1Þ ¼ u30ð1Þ ð73ÞFrom the condition (73) and after considering the solution (66), the following non-linear equation is obtained:Fig. 5. Relationships between the dimensionless parameters of internal forces in the column rods.
Fig. 6.
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S3
ðEAÞ3
 S1ðEAÞ1
 
þ 1
S23l
2
1þ k30
2 sin k30
k30
sin k30
þ cos k30
  
ðM231 þM230Þ þM31M30 2
k30
sin k30
ðk30ctgk30 þ 1Þ
  
 1
S21l
2
1þ k10
2 sin k10
k10
sin k10
þ cos k10
  
ðM211 þM210Þ þM11M10 2
k10
sin k10
ðk10ctgk10 þ 1Þ
  
¼ 0 ð74Þ
The system of equations, consisting of the linear Eq. (68) and the non-linear Eq. (74), was solved in the
following manner. On the basis of the linear Eq. (68), the unknown quantities in the relationship of M11 were
calculated and then they were substituted into the non-linear Eq. (74). Thus, the non-linear equation, depen-
dent only on one unknown – M11, was obtained. This unknown – M11 was subsequently numerically com-
puted with the previously determined values of the internal forces occurring in the column rods after
exceeding the bifurcation load (see the curve BC in Fig. 5).
The determined moments Mi0, Mi1 and the transverse displacement of the free end of the column wk0, are
represented in Fig. 6 in relation to the dimensionless parameter of the external loading force, k. The curvilinear
form of static equilibrium is obtained considering the quantities of Mi0, Mi1 and wk0 as well as relationship
between the internal forces in the rods in the solution (66).6. The solution to free vibration problem related to the rectilinear and curvilinear forms of equilibrium
The motion of the system in case of vibration around the rectilinear form of static equilibrium is described
by the diﬀerential equation (28). These equations, after separation of the variables using relationship (24a), are
written in the form:cos s : wIVi1
ð1Þ
ðnÞ þ k2i0 wIIi1
ð1Þ
ðnÞ  X2i0 wi1
ð1Þ ðnÞ ¼ 0 ð75Þ
The solutions of Eq. (75) are as follows:wi1
ð1Þ ðnÞ ¼ Di1 coshðai1nÞ þ Di2 sinhðai1nÞ þ Di3 cosðbi1nÞ þ Di4 sinðbi1nÞ i ¼ 1; 2; 3; 4 ð76ÞVariation of the ﬂexural moments,Mi0,Mi1, present at the both ends of the column rods and the transversal displacement, wk0, in
ence on the dimensionless parameter of loading force, k.
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 k
2
i0
2
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k4i0
4
þ X2i0
svuut
and bi1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2i0
2
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k4i0
4
þ X2i0
svuut ð77a; bÞ
By substituting the solution (76) into the boundary conditions (32–37), the following system of equations is
obtained:½bijcol D11;D12;D13;D14;D21;D22;D23;D24;D31;D32;D33;D34;D41;D42;D43;D44f g ¼ 0 ð78Þ
If the matrix determinant of system (78) coeﬃcients is equated to zero, the transcendental equation for the
natural frequency of the considered column, in case of the rectilinear form of static equilibrium, is:jbklj ¼ 0 ð79Þ
The column motion with the curvilinear form of static equilibrium is described by the Eq. (46a). These
equations, after separation of the variables using relationships (42a) and (44a), are written in the form:cos0 s : wIVi1
ð0Þ
ðnÞ þ k2i0 wIIi1
ð0Þ
ðnÞ ¼  k2i1
ð0Þ
wIIi0ðnÞ ð80Þ
cos s : wIVi1
ð1Þ
ðnÞ þ k2i0 wIIi1
ð1Þ
ðnÞ  X2i0 wi1
ð1Þ ðnÞ ¼  k2i1
ð1Þ
wIIi0ðnÞ ð81Þ
The solutions of Eq. (80) satisfy the boundary conditions if:wi1
ð0Þ ðnÞ  0 ð82ÞConsidering (82) in Eq. (80), one can obtain:k2i1
ð0Þ
 0 ð83ÞThe solutions of Eq. (81) can be represented by the following expressions:wi1
ð1Þ ðnÞ ¼ Ei1 coshðai1nÞ þ Ei2 sinhðai1nÞ þ Ei3 cosðbi1nÞ þ Ei4 sinðbi1nÞ
 k
2
i1
ð1Þ
k2i0
X2i0
Mi0 cos ki0 Mi1
Sil sin ki0
sinðki0nÞ Mi0Sil cosðki0nÞ
 
ð84Þwhere, Ei1, Ei2, Ei3, Ei4 – integration constants of Eq. (81), Mi1, Mi2 – known quantities occurring in the solu-
tions related to the statics problem Eq. (66).
The internal forces in the column rods, expressed by the dimensionless quantities k211
ð1Þ
, k221
ð1Þ
, k231
ð1Þ
, k241
ð1Þ
, are inter-
related by relationships (13a,b) and condition (64):k231
ð1Þ
¼  1
la
k211
ð1Þ
; k241
ð1Þ
¼ k231
ð1Þ
; k221
ð1Þ
¼ k211
ð1Þ
ð85a-cÞwhere la – ﬂexural rigidity asymmetry factor, expressed by the following formula:la ¼
ðEJÞ3 þ ðEJÞ4
ðEJÞ1 þ ðEJÞ2
ð86ÞSubstitution of the solutions (84) into the boundary conditions (56–60), (63) and into the boundary condi-
tion for the equality of the longitudinal displacements of the free end of rods 1 and 3 (condition (62b)), leads to
the following system of equations:½cijcol E11;E12;E13;E14;E21;E22;E23;E24;E31;E32;E33;E34;E41;E42;E43;E44; k211
ð1Þ( )
¼ 0 ð87Þ
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dental equation for the frequencies of column free vibration with the curvilinear form of static equilibrium are
obtained:Fig. 7.
force,jcijj ¼ 0 ð88Þ
Fig. 7 illustrates the relationship of the ﬁrst frequency of free vibration, x (including component x0) versus
to the load force, in case of vibrations around the rectilinear and curvilinear forms of static equilibrium. The
rectilinear form of static equilibrium corresponds to the curve OB, while the curvilinear form of static equi-
librium corresponds to the curve BC.
7. Local and global instability
The bifurcation load has been calculated for: the geometrically non-linear (N) and the geometrically linear
(L) systems with diﬀerent stress ratios of ﬂexural rigidity, la (see Fig. 8) to explain the phenomenon of local
and global loss of the rectilinear form of static equilibrium. The diagrams in Fig. 8 have been plotted at the
coeﬃcient la in the range from 0 to 1 and at the constant global ﬂexural rigidity of the geometrically non-lin-
ear system:X4
i¼1
ðEJÞi ¼ const ð89ÞThe values of the coeﬃcient la2 (0,lgr), at which the bifurcation load, kbNL, of the geometrically non-linear
system is lower than the bifurcation load, kLL, of the geometrically linear system, correspond to the local loss
of the rectilinear form of static equilibrium (in case of the geometrically linear system, L, the bifurcation load
is equal to the critical load). Global loss of the rectilinear form of static equilibrium (kbNG > kLG) is present in
remaining range of variation of the stress ratio of the ﬂexural rigidity, la 2 (lgr, 1).
The ranges of the local and global loss of the rectilinear form of static equilibrium are separated by the
limiting value of la = lgr.
The critical load parameter (kcN) of the geometrically non-linear system, in dependence on the stress ratio of
ﬂexural rigidity, la, is also shown in Fig. 8. It was observed that the critical load is identical within the whole
range of variation of the ratio la (with a constant total ﬂexural rigidity of the geometrically non-linear system).The distribution of internal forces and dependence of the ﬁrst frequency of free vibration, x (including component x0) on the load
in case of the rectilinear and curvilinear forms of static equilibrium.
Fig. 8. Value of the dimensionless parameters of the bifurcation force kb and the critical force kc in relation to the stress ratio of the
ﬂexural rigidity la for the columns N and L.
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geometrically non-linear system (N) is characterized by the highest value of the bifurcation force kbN equal to
the critical force kcN.
The middle rods, denoted by the subscripts 3 and 4, having the ﬂexural rigidity much lower in comparison
to rods 1 and 2, are responsible for a local loss of the rectilinear form of static equilibrium. In the considered
system, all rods are rigidly connected at their ends, so when rods 3 and 4 attain the curvilinear form of static
equilibrium, external rods 1 and 2 also take a buckling form.
The inﬂuence of the radius R on the value of the limited stress ratio of the ﬂexural rigidity lgr is illustrated
in Fig. 9. Local and global losses of the rectilinear form of the static equilibrium occur below and above the
curve presented Fig. 9, respectively.
8. Inﬂuence of parameters characterizing a loading-head on the bifurcation load of the system N
Inﬂuence of characteristic quantities of the system loaded by the follower force directed towards the posi-
tive pole on the value of the bifurcation force are shown in Figs. 10 and 11 at the local and the global loss of
the rectilinear form of static equilibrium, respectively.
The radius R and the length of rigid bolt, l0, are the parameters taken into consideration.
Contour diagrams are used to illustrate the inﬂuence of these two quantities on the value of the bifurcation
force in one diagram. The calculations were made at constant total length of the column (l + l0).
On the basis of the plotted diagrams it was found that at any bolt length, l0, there is such a value of the
radius R, at which the bifurcation load reaches the highest value. The value of this radius R is calculated from
the following formula:R ¼ 0:5ðlþ 2l0Þ ð90Þ9. Pre-stressing of the geometrically non-linear system
The pre-stressing of the geometrically non-linear columns produces an additional internal force that makes
the rods denoted by the indexes 1 and 2 to be compressed jointly by the force So, and the rods denoted by the
indexes 3 and 4 to be tensioned jointly by the force So. The system can also be pre-stressed in reciprocal way
(i.e. rods 1 and 2 tensioned jointly by the force So and rods 3 and 4 compressed jointly by the force So).
Fig. 10. Parameter of the bifurcation force in dependence on quantities R and l0 at the local loss of the rectilinear form of static
equilibrium.
Fig. 9. Inﬂuence of the parameters characterizing column on the value of the limiting stress ratio of the ﬂexural rigidity.
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non-linear system. Pre-stressing is of particular importance in case of the local loss of the rectilinear form of
static equilibrium. If pre-stressing is properly chosen, it increases the value of the bifurcation load of the geo-
metrically non-linear system in comparison to the bifurcation load of the geometrically linear system.
Dimensionless parameter of the bifurcation load of the geometrically non-linear system, kb, in relation to
parameter of pre-stressing force, ko, is presented in Figs. 12 and 13.
Dimensionless pre-stressing parameter ko is deﬁned by expression:ko ¼ Soðlþ l0Þ
2
P4
i¼1
ðEJÞi
ð91Þ
Fig. 11. Parameter of the bifurcation force in dependence on quantities R and l0 at the global loss of the rectilinear form of static
equilibrium.
Fig. 12. Inﬂuence of the dimensionless parameter of pre-stressing force, ko, on the value of parameter of the bifurcation force, kb, and the
distribution of internal forces within the column rods, S (la = lL).
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sible for the local loss of the rectilinear form of static equilibrium) with the ﬂexural rigidities of (EJ)3 and (EJ)4
are tensioned, whereas the external rods with ﬂexural rigidities of (EJ)1 and (EJ)2 are compressed. At the neg-
ative values of the parameters ko, the middle rods, denoted by the subscripts 1 and 2, are compressed and the
external rods, denoted by the subscripts 3 and 4, are tensioned.
Changes in the internal forces in the rods of the considered system, subjected to the sample pre-stressing ko
(the segments O–L3 and O–G3), and changes in the external load, until the loss of the rectilinear form of static
equilibrium (the segments L3–L4 and G3–G4), are illustrated in Figs. 12 and 13.
The diagrams in Fig. 12 correspond to the local loss of the rectilinear form of static equilibrium (la = lL).
Values of the dimensionless parameters of bifurcation load of the geometrically non-linear system without pre-
stressing, kbNL, and of the geometrically linear system, kLL, are marked in Fig. 12. Pre-stressing can be chosen
Fig. 13. Inﬂuence of the dimensionless parameter of pre-stressing force, ko, on the value of parameter of the bifurcation force, kb, and the
distribution of internal forces within the column rods, S (la = lG).
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of the rectilinear form of static equilibrium) in comparison to the geometrically linear system (Fig. 12 – the
range of ko 2 ðkIo; kIIo Þ).
Fig. 13 shows an inﬂuence of the dimensionless parameter of pre-stressing force, ko, on the value of param-
eter of the bifurcation force, kb, at the global loss of the rectilinear form of static equilibrium (la = lG). In
considered case, the highest value of the bifurcation load of the system, S (kbSGmax) is achieved at the pre-
stressing ko = koGmax. Then the rods denoted by indexes 3 and 4 are compressed while the rods denoted by
the indexes 1 and 2 are tensioned (contrary to what occurred in case of the local loss of the rectilinear form
of static equilibrium).
The value of la = lmax (see Fig. 8) separates two regions:
– in the ﬁrst region, la 2 (0, lmax), the highest value of the bifurcation force kb of the geometrically non-linear
system S is attained at the pre-stressing, where rods 3 and 4 are tensioned, while rods 1 and 2 are
compressed,
– in the second region, la 2 (lmax, 1), the highest value of the bifurcation force kb of the geometrically non-
linear system S is attained at the pre-stressing, where rods 1 and 2 are tensioned, while rods 3 and 4 are
compressed.
The column losses the rectilinear form of static equilibrium only as a result of the action of pre-stressing
(without the external load) at the points L1, L2 in case of the local loss (Fig. 12) and at the points G1, G2
in case of the global loss (Fig. 13) of the rectilinear form of static equilibrium.
When considering pre-stressing, it is essential to take into account the inﬂuence of pre-stressing on free
vibration, especially on the natural frequency. Dependence of the ﬁrst three natural frequencies, x01, x02
and x03, on the pre-stressing, ko, and on the external load, k, is shown in Figs. 14 and 15. The delimitation
between the dimensionless pre-stressing parameter, ko, and the dimensionless parameter of external load, k,
is illustrated by the horizontal line present at k = 0.
The pre-stressing was especially chosen to assure the highest bifurcation force of the considered system S
(ko = koLmax – at the local loss of the rectilinear form of static equilibrium and ko = koGmax – at the global loss
of the rectilinear form of static equilibrium).
10. Inﬂuence of parameters characterizing the loading head on the course of the curve: load – natural frequency
Figs. 16 and 17 show curves in the plane: parameter of load k – parameter of natural frequency X* at dif-
ferent parameters characterizing the heads that induce the speciﬁc load by the follower force directed towards
the positive pole.
Fig. 14. Dependence of the ﬁrst three natural frequencies (x01, x02, x03) on the loading parameter of the pre-stressed column S at the local
loss of the rectilinear form of static equilibrium.
Fig. 15. Dependence of the ﬁrst three natural frequencies (x01, x02, x03) on the loading parameter of the pre-stressed column S at the
global loss of the rectilinear form of static equilibrium.
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P
i
ðq0AÞiP
i
ðEJÞi
ð92ÞIn case of the considered systems, parameters characterizing the load can be chosen to obtain a positive
slope of the curve corresponding to the ﬁrst natural frequency X1, what corresponds to the pseudo-ﬂutter
divergence system.
Fig. 16. Curves in the plane: k  X* at the local loss of the rectilinear form of static equilibrium.
Fig. 17. Curves in the plane: k  X* at the global loss of the rectilinear form of static equilibrium.
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R/(l + l0) = 0.25; 0.5; 0.75, while the divergence system occurs when R/(l + l0) = 0 and R/(l + l0) = 0.95. This
regularity exists in the case of both the local and global loss of the rectilinear form of static equilibrium.
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11.1. The test stand (Tomski et al., 2004a). The loading heads and the receiving heads. Diagram of the
measurement system
The experimental research on the systems, analyzed within this paper, was carried out on a stand (Fig. 18)
designed and built in the Institute of Mechanics and Machine Design Foundations at Czestochowa University
of Technology (Tomski et al., 2004a).
The test stand is composed of the support frame 1, to which the head 2 is mounted. This head has a screw
system developing the loading force of the column through the dynamometer 3. The boundary conditions are
realised by supports fastened to the plates 4(1) and 4(2).
The structure, applied to the experimental research of the linear columns (Tomski et al., 2004b), was used to
realise the loading.
Fig. 18 shows constructional diagrams of the heads: forcing and receiving the load by the follower force
directed towards the positive pole.
Forcing head is composed of the housing 5, on which the outer ring of the (ball) rolling bearing 6 is
mounted. The receiving head includes the rigid elements 7, 8, 9, 10. The element 7, with the roll bearing ring
8 mounted on it, is connected to the cube 10 by means of the bolt 9. The cube 10 interconnects all rods of the
column (p1, p2, p3, p4).Fig. 18. The test stand for the examination of free vibrations (Tomski and Szmidla, 2004a). The loading heads and the receiving heads
(Tomski and Szmidla, 2004b). Diagram of the measurement system (Uzny, 2005).
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Fig. 18. The system consists of the accelerometer 11 (Bru¨el& Kjær – 4508 B), the analyzer 14 (Bru¨el& Kjær
– type 3560C) and the computer 13, on which the PULSE software in 7.0 version is installed.
Vibrations of the column, ﬁxed on the test stand, were induced by a hammer 12, and then the accelerations
of particular measurement points were taken using a sensor 11. A signal from the sensor was transferred to the
analyzer 14, where it was converted and sent to the computer. Then appropriate information about the tested
system (natural frequency) was read using specialised software (PULSE 7.0).11.2. The results of experimental examinations of the column N
The results of both the experimental and the numerical computations are presented in the course of the nat-
ural frequency in relation to the loading force of the system (Figs. 19 and 20). The results of the experiment are
marked by dots while the results of numerical computations are marked by solid lines.
The presented results correspond to the physical and geometrical parameters provided in Table 1.
The systems adopted for research are of divergence type.
An arithmetical average of the three conducted measurements is represented in Figs. 19 and 20 by dots:f e ¼ 1
3
X3
i¼1
f ei ð93Þwhere f ei denotes the results of consecutive measurements.
An error analysis of the proposed mathematical model was also performed in the paper. For this purpose,
the arithmetical average of experimental research (relationship 93) was treated as an actual value of the mea-
sured quantity, that is the natural frequency.
The relative percentage error of the theoretical model is given by the expression:Df ¼ f
t  f e
f e

  100% ð94ÞFig. 19. The results of the experimental and numerical research of the column NL.
Fig. 20. The results of the experimental and numerical research of the column NG.
Table 1
The physical and geometrical parameters of the considered columns
Column (EJ)1 (EJ)2 [Nm
2] (EJ)3 (EJ)4 [Nm
2] (qA)1 (qA)2 [kg/m] (qA)3 (qA)4 [kg/m] m [kg] R [m] l0 [m] l [m] la
NL 427.508 30.159 1.726 0.280 0.34 0.058 0.025 0.71 0.071
NG 427.508 152.681 1.726 0.631 0.34 0.058 0.025 0.71 0.357
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The lowest value of Df of all accomplished measurements equals 0.13% while the highest – 35%. In majority
of cases, the value of Df does not exceed 10%.
Diﬀerences between the experimental and the numerical research may be caused by the following factors:
– the omission of the resistance to motion in the mathematical model – deformation of the contact surface,
– certain inaccuracy in the determination of Young’s modulus and the material density,
– omission of the higher-order components during computations of the natural frequency (see the expansion
of the natural frequency into the small parameter series),
– probability of an inaccurate mounting of the accelerometer in the plane of vibrations,
– error in an accurate determination of the loading force of the system when using the dynamometer,
– assumption of the inﬁnite rigidity of mounting of the system in the mathematical model,
– inﬂuence of the test stand on the tested column.12. Summary
The conducted numerical research, on the basis of a constructed mathematical model of a geometrically
non-linear column loaded by a follower force directed towards the positive pole, led to the following impor-
tant conclusions:
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and curvilinear. The rectilinear form corresponds to the range of the loading force from 0 to a bifurcation
force, while the curvilinear form of static equilibrium corresponds to the range of the loading force from the
bifurcation force to the critical force. The bifurcation force is equal to the critical force under certain con-
ditions (i.e. – identical ratios of ﬂexural and compression rigidities of external and internal rods) In this case
a loss in the curvilinear form of static equilibrium is noticed;
– the distribution of internal forces in the column rods (external and internal) is linear in the case of the rec-
tilinear form of static equilibrium, and non-linear in the case of the curvilinear form of static equilibrium;
– the existence of local and global instability was established in dependence on stress ratio of ﬂexural rigidity
la. The local stability is characterised by a lower value of the bifurcation force of the geometrically non-
linear system (N) in comparison to the geometrically linear system (L). The reciprocal relation between
the bifurcation forces of the N and L systems occurs at global instability. The ranges of the local and global
instability are separated by the limiting value of the stress ratio of ﬂexural rigidity la = lgr;
– pre-stressing of the system is a method which allows the geometrically non-linear system to exit from the
region of the local instability;
– the considered system may be a divergence or divergence pseudo-ﬂutter type in dependence on the value of
radii R of the head inducing the speciﬁc load.
Theoretical and experimental research stay in good agreement for the ﬁrst basic frequency of vibrations.
This conﬁrmed that the damping has insigniﬁcant inﬂuence on the natural frequency except speciﬁc cases
of practically undamped systems considered by Kounadis (2006, 2007). The paper also includes error analysis
of the proposed mathematical model and explains the reasons for the diﬀerences between the theoretical model
and the real system.
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